We derive a simple model-independent upper bound on the strength of magnetic fields obtained in inflationary and post-inflationary magnetogenesis taking into account back-reaction and Schwinger effect. This bound turns out to be rather low for cosmologically interesting spatial scales. Somewhat higher upper bound is obtained if one assumes that some unknown mechanism suppresses the Schwinger effect in the early universe. Incidentally, we correct our previous estimates for this case.
Introduction
Origin of magnetic fields, observed in different objects and on different spatial scales in the universe [1] , remains to be unclear (for reviews, see [2] [3] [4] [5] [6] [7] ). One of the widely discussed possibilities is that they were generated at the inflationary stage; this naturally explains their large coherence length, which can be comparable to the size of the largescale structure [8] [9] [10] [11] [12] . Numerous attempts at realising inflationary magnetogenesis were made by introducing non-trivial couplings of other fields to the electromagnetic field that break the conformal invariance of the latter. A general class of models that we consider here is described by a gauge-invariant action of the form, pioneered in [13, 14] ,
whereF µν = 1 2 µν αβ F αβ is the Hodge dual of the electromagnetic strength tensor F µν , and I and f are non-trivial functions of the cosmological time due to their possible dependence on the background fields such as the inflaton or the metric curvature.
Inflationary magnetogenesis theory is confronted by the issues of back-reaction and strong gauge coupling [15] [16] [17] [18] , and by the Schwinger effect [19] [20] [21] [22] [23] [24] [25] [26] [27] that all reduce its efficiency. Various models of evolution of I and f were tried in the literature to overcome these difficulties. In this paper, we would like to provide general modelindependent upper limits imposed by the back-reaction and Schwinger effect on the possible strength of magnetic field on a particular comoving spatial scale. We will see that strong gauge coupling is automatically disfavoured by the Schwinger effect. Our investigation is similar in spirit to [15, 16] except that we will not impose a priori ansatz for the evolution of the couplings and also take into account the Schwinger effect.
Given a particular comoving spatial scale, characterised by wavenumber k, one can start amplifying electromagnetic field on that scale well before its Hubble-radius crossing during inflation. One possible way of achieving this was demonstrated in our previous publications [28, 29] and will be reviewed below. It suffices to consider evolution of the chiral coupling f (η) in (1.1) which is linear in conformal time η in some time interval. Then, only the modes of one helicity in a narrow band with k ∼ |f (η)| will be exponentially amplified. It was mistakenly claimed in our previous papers [28, 29] that this amplification alone could produce large-scale magnetic fields of sufficiently large strengths today. What was overlooked in [28, 29] is that the peak of electromagnetic field in this process is attained by the moment of Hubble-radius crossing during inflation. The subsequent inflationary dilution of electromagnetic fields then makes them quite small by the end of inflation.
Hence, it is necessary to amplify the fields also outside the Hubble radius during and after inflation. At all stages, one should take into account the constraints imposed by back-reaction and Schwinger effect. This will be the subject of the present paper, in which a simple model-independent upper bound for the final magnetic field is derived. This upper bound appears to be quite low for the prospects of inflationary magnetogenesis. Somewhat higher upper bound is obtained if one assumes that some unknown mechanism suppresses the Schwinger effect in the early universe.
The setup
We work in a spatially flat cosmological model with the metric
where η is the conformal time, and a is the scale factor. Adopting the longitudinal gauge A 0 = 0, ∂ i A i = 0 for the vector potential, from (1.1) one obtains the equation satisfied by the transverse field variable A i :
where j i is the electromagnetic current density, ijk is the spatial Kronecker alternating tensor with 123 = 1, and the prime denotes the derivative with respect to the conformal time η. Assuming the Ohm's law in a highly conducting medium with conductivity σ, we have
In the spatial Fourier representation, and in the constant (in space and time) normalized helicity basis 4) or, equivalently,
The spectral densities of quantum fluctuations of magnetic and electric field are characterized, respectively, by the standard relations 1
in which the amplitude of the vector potential is normalized so that IA h ∼ e −ikη as η → −∞. The factor in front of the sums in (2.6) is the spectral density of the normal vacuum fluctuations in each mode at the physical wavenumber k/a. The (nonrenormalized) spectral energy densities per logarithmic interval of wavenumbers are given by
3 Amplification inside the Hubble radius
In this paper, we are interested in general upper limits imposed by the back-reaction and Schwinger effect on the possible strength of magnetic field on a particular comoving spatial scale characterized by wavenumber k. We can start amplifying the field prior to Hubble-radius crossing during inflation. A model for such amplification was proposed in our works [28, 29] . Assuming constant (slowly evolving) kinetic coupling I, suppose that the chiral coupling evolves as (see Fig. 1 )
in which ∆η = η 2 −η 1 > 0 is its temporal width. Then f 0 ≡ f ((η 1 + η 2 )/2) = ∆f /∆η. 1 These are electromagnetic fields 'felt' by the charged matter, in the Lagrangian of which we assume the standard couplings of the form |(∂ − iqA) ψ| 2 , where ψ is the matter field and q is its electric charge. We work in the system of units = c = 1.
Introducing the dimensionless time τ = (2η − η 1 − η 2 )/∆η and wavenumber p = k∆η/2, one can write the general solution of (2.4) (with zero electric conductivity) in terms of the Ferrers functions [30, Chapter 14] :
The asymptotics of the canonically normalized quantity IA h ∼ e −ikη = e −ipτ as τ → −∞ determines the constants c + and c − in (3.2). By considering the opposite asymptotics IA h ∼ α k e −ipτ + β k e ipτ as τ → ∞ in (3.2), one reads off the Bogolyubov's coefficients α k and β k . Skipping a simple calculation, we present here the result:
with the required property |α k | 2 − |β k | 2 = 1. After the evolution of the coupling, the mean number of quanta in a given mode is
For the helicity satisfying h∆f < 0, the quantity q, given by (3.3), is purely imaginary for p > 1/2|∆f |. In the approximation p max {1/2|∆f | , 1/π}, we then obtain
where k 0 = |f 0 | is the wavenumber at which spectrum (3.6) reaches unity on the slope of its exponential decline. The exponent of this expression reaches maximum at k m = k 0 /4, with the maximum mean occupation number n m = e π|∆f |/4 , which is exponentially large for |∆f | 1. Spectrum (3.5) is plotted in Fig. 2 on a logarithmic scale for a typical value |∆f | = 40 (see Sec. 4). The mean occupation numbers for the opposite helicity can be neglected.
The spectral densities (2.6) are of comparable magnitudes, and, since one of the helicities is dominating in n k , we have, using (3.6),
(3.7)
We observe that the spectral densities are peaked at the central value k = k m with width ∆k k m / |∆f | k m for |∆f | 1. Thus, electric and magnetic fields are generated in this scenario with similar spectra in the spectral region of amplification.
Using a Gaussian approximation to (3.7), one can estimate the total excess (over vacuum) of the electromagnetic energy density and the electromagnetic field strength after the end of the process of amplification: The theory contains two free parameters, ∆f and ∆η, which can be adjusted to produce maximally helical electromagnetic fields of desirable strength with spectral density centred at a desirable wavenumber k m = |∆f |/4∆η.
The mechanism of electromagnetic-field generation considered here is quite general and can take place at any stage of cosmological evolution where electric conductivity can be neglected. One can use it to amplify electromagnetic field at the inflationary stage prior to the Hubble-radius crossing for the relevant comoving spatial scale. Solution (3.2) for the electromagnetic field at the centre of the spectral domain of amplification and in the interval η 1 < η < η 2 grows exponentially: A h ∝ e kmη . Assuming |k m η 2 | 1 and taking into account the prefactors ∝ a −4 in (2.6), we conclude that the peak of the electromagnetic spectral density is reached at the time where |k m η| = k m /aH ≈ 2, i.e., a little before the Hubble-radius crossing. 2 
Back-reaction and Schwinger effect
Regardless of a concrete model of electromagnetic-field amplification, its characteristics should meet the constraints imposed by the considerations of back-reaction and Schwinger effect.
The back-reaction constraint means that the electromagnetic energy density ρ em = I 2 (B 2 + E 2 ) /2 at least should not exceed the energy density of the rest of matter
GeV is the reduced Planck mass expressed through the Newton's gravitational constant G. Hence, we should have
The electromagnetic energy density at the time of Hubble-radius crossing is estimated as ρ em Q 2 H 4 with the requirement Q M P /H for the amplification factor of electromagnetic field relative to the purely vacuum fluctuations on the Hubble scale. In the model of amplification considered in the previous section, from (3.8) taken at the Hubble-radius crossing, we have
For a typical value H 10 −6 M P , this requirement is translated as |∆f | 40, which limiting value was chosen in the plot of Fig. 2 .
Consider now the role of electric conductivity. For our model of amplification from the previous section, the second term in Eq. (2.4) can be neglected under the condition
since k m = 2aH at the peak of electromagnetic field strength. In the opposite case, σ/I 2 H, the term with conductivity in Eq. (2.4) will cause the derivative A h to exponentially decrease on time scale much exceeding the Hubble time, making the mode A h approximately constant in time.
The main cause of electric conductivity during inflation is the Schwinger effect of production of charged particle-antiparticle pairs from the vacuum. For fermionic particles with mass m and electric charge q, the conductivity calculated in the approximation of homogeneous and slowly changing electromagnetic fields is given by [19, 27, 31, 32] 
During inflation, the fermion mass m is determined by its Yukawa coupling and by the fluctuations of the Higgs field φ ∼ H, so that m = γH, where γ ∼ 10 −6 for the electron. Hence, with the condition B E, inequality (4.3) leads to the constraint
(4.5)
For the uppermost admissible value of E/H 2 6π 2 I 2 /q 3 , the exponent in this expression can be neglected, and we obtain the bound
where we have used q ≈ 4π/137 ≈ 0.3 for the unit charge.
In view of (4.1) and (4.6), we then have
Constraint (4.7) at the Hubble-radius crossing would be insufficient to obtain reasonable magnetic fields on large spatial scales without further amplification. Indeed, if we assume adiabatic evolution B ∝ a −2 until the present time, then, for the current magnetic field, we obtain an upper bound
Here, a k = k/H k and H k are the scale factor and Hubble parameter, respectively, at the Hubble-radius crossing during inflation, and λ = 2πa 0 /k is the present value of the comoving spatial scale corresponding to the wavenumber k. Such low values of the resulting magnetic field are insufficient for successful magnetogenesis in scenarios with reasonable energy scale of inflation. Hence, further amplification of magnetic field would be required on given comoving spatial scales after Hubble-radius crossing.
Amplification outside the Hubble radius
Further amplification of electromagnetic field outside the Hubble radius can be done by evolving the coupling I in (1.1), and we assume the usual conditions
to be valid well after Hubble-radius crossing. Under these conditions, the terms containing k in (2.5), hence, also in (2.4) can be neglected. Dropping also the terms with electric conductivity, we observe that equation (2.4) leads to the relation A h ∝ I −2 . Then, solution for the mode that is matched at the Hubble-radius crossing with A h A h /k Q/I k (ignoring the irrelevant phase), where Q is the factor of amplification of the mode and I k is the value of I at the Hubble-radius crossing, is given by
In the last expression, the integration variable was transformed as kdη = kda/a 2 H = kdN/aH = R k dN , where R k = k/aH < 1 and N = ln a is the number of e-foldings. 3 We would like to obtain the largest possible amplitude for A h in the end. The process of field amplification is limited by the considerations of back-reaction and Schwinger effect, similar to those discussed in the previous section. The back-reaction constraints have the form (4.1). As regards the Schwinger effect, we estimate the related conductivity at all stages by expression (4.4) under the condition B E. This can be justified, e.g., by integrating [27, Eq. (4.11)], although the real situation with the Schwinger current, especially after inflation, is not very clear and may be more complicated [25] (see also discussion in Sec. 7). Then, upper bound of the form (4.6) is applied for the electric field at all stages of cosmological evolution. We thus have the following constraints:
The integrand in the last expression of (5.2) reaches maximum somewhere on the interval before electric conductivity becomes significant, and this gives an estimate for the final amplitude up to a constant of order unity:
The unity in the brackets of (5.2) was neglected since we are interested in a scenario with significant amplification. It remains to determine the allowable maximum in (5.6). By virtue of conditions (5.3) and (5.5), we have, respectively,
It is notable that the right-hand side of (5.7) monotonically increases with time. If the constant threshold on the right-hand side of (5.8) is reached before the conductivity from preheating becomes significant, then it is the Schwinger effect that stops the growth of the mode A h by creating plasma with sufficiently high conductivity. 4 In the opposite case, it is preheating that contributes predominantly to the plasma conductivity, and the final amplitude of A h is determined by the right-hand side of (5.7) somewhere prior to reheating. Because of the monotonic growth of the right-hand side of (5.7), for given fixed values of Q and I k , the maximal possible amplitude of A h is obtained if the threshold (5.8) is actually reached, and hence, the shut-down of amplification is caused by the Schwinger effect. The resulting magnitude of the mode is estimated as
The constant on the right-hand side of (5.8) in this case should not exceed the righthand side of (5.7) at the moment of reheating, so that
where the label 'r' denotes quantities evaluated at the moment of reheating. The maximal possible amplitude of A h is then determined by (5.9) and by the maximal value of I k satisfying (5.10). Finally, we obtain
Note that this result is independent of Q, the amplification factor prior to the Hubbleradius crossing at the inflationary stage. This is because the constants Q and I k enter our relations (5.6)-(5.8) explicitly only in the combination QI k , which is then bonded in (5.10). Condition (5.4) at the moment of reheating implies R k | r = k/a r H r 1, i.e., our above estimates are valid for the modes that are outside the Hubble radius by the moment of reheating. Also note that the value of I r can in this case be found from (5.8) and (5.10) and turns out to be
for H r 10 −3 M P . Hence I k /I r R −4 k r ≥ 1. Thus, we are in a safe weak-coupling regime for our gauge field, although we never imposed this constraint. It turns out that the strong-coupling case is automatically disfavoured by the Schwinger effect.
The current strength of the magnetic field on the scale of interest is then estimated from (2.6) and (5.11) as 5
where g r is the number of relativistic degrees of freedom in thermal equilibrium after reheating (g r ≈ 100 in the Standard Model), T r is the reheating temperature, and T 0 = 2.34 × 10 −4 eV is the current temperature of relic photons. Substituting here the physical numbers, we get It is instructive to see whether the Schwinger effect played a significant role in our upper bound. If we ignore it altogether, then the final amplitude for fixed I k is estimated by
with the only constraint I r ≥ 1 on the value of the coupling to avoid the strong-coupling regime. The maximal possible value of I k is obtained from (5.7): I k M P I/QHR 2 k | r , so that A h M P / (HR k I) r . Using the constraint I r ≥ 1, we get an upper bound
This result is larger than (5.11) by a factor 10 −1 (M P /H r ) 1/3 , which is significant for low temperatures of reheating. The estimate for the current magnetic field in this case is
This estimate would be applicable if the Schwinger particle production were suppressed, e.g., by enhancement of the masses of charged particles (perhaps, by some non-trivial coupling to I), as discussed in [34] .
The role of spectrum
In the previous section, we derived the weakest possible upper bounds, considering electromagnetic field only around one particular scale k. If we take into account that magnetogenesis, in fact, takes place on all spatial scales after Hubble-radius crossing, then our estimates may be strengthened. Let us show that this happens only mildly, i.e., that estimate (5.14) can be saturated by the order of magnitude. We demonstrate this by constructing a scenario in which the spectrum for electric field remains to be peaked around one particular scale k m . The fastest possible growth of the integrand in (5.2) compatible with the backreaction constraint (5.3) during inflation occurs under the law 6 I ∝ a −2 ∝ η 2 .
(6.1)
The solution for the mode is then
It is remarkable that evolution of the form (6.1) is also obtained in numerical simulations in models of type (1.1) in which back-reaction of electric field on the inflaton dynamics is taken into account through the dependence of the coupling I on the inflaton field φ [23] . In models of this kind, back-reaction becomes important as the energy density of electric field reaches the value of the order
2 is the small inflationary slow-roll parameter, and V (φ) is the inflaton potential. Back-reaction effects of this kind, which are model-dependent and which we do not consider in this paper, would further reduce our upper bounds for the admissible electric (hence, also magnetic) field.
The fields in the growing mode evolve as E ∝ a 2 and B ∝ E/a ∝ a, growing with time.
Consider then scenario (6.1), (6.2) with preliminary amplification as described in Sec. 3. This evolution of A h takes place for all super-Hubble modes starting from the moment η m of the beginning of evolution of I, which we take to be the time of Hubbleradius crossing of the mode with wavenumber k m . By matching the initial conditions at a m , we will have
where A m = A m (η m , k) is the mode at the moment η m , and k m = Ha m . As regards the modes with k > k m , the amplitude |IA h | remains constant till the Hubble-radius crossing, where a k = k/H, so that A h ∝ 1/I ∝ a 2 , after which it evolves as (6.2). Hence, 
(6.8)
The spectral densities during inflation are then estimated as
Due to the strong narrow peak of Q(k) ≡ |A h (η m , k)| at k = k m , the spectrum for electric field remains to be peaked at k = k m and is flat in the region k k m . Magnetic field is suppressed on all relevant scales k aH with respect to the electric one. This, then, does not strengthen much our estimates made in the previous section.
We also remark that, although our upper bounds (5.11) and (5.16 ) are independent of the value of Q at that particular wavenumber, the role of initial amplification inside the Hubble radius is significant because it shapes the initial power spectrum, allowing it to be peaked at a given wavenumber and thus making our upper bounds virtually the least upper bounds.
Summary and discussion
In this paper, we have derived an upper bound [see (5.14) ]
for the outcome of inflationary and post-inflationary magnetogenesis based on Lagrangian (1.1). In doing this, we took into account the constraints from back-reaction and Schwinger effect. Although we did not require the condition I > 1 of weak gauge coupling from the very beginning, it is automatically favoured in the end by the Schwinger effect. Our upper bound is conservative in that it takes into account only electromagnetic fields on a particular spatial scale of interest and can only be lowered by considering the whole power spectrum. Still, we have shown that there exists a scenario in which the power spectrum is peaked around the spatial scale of interest, which makes our bound, in some sense, virtually the least upper bound. Our upper bound (7.1) allows one to appreciate the difficulty in producing sufficiently large magnetic fields on large spatial scales. Indeed, the lowest possible temperature of reheating lies in the MeV range [58] , and even for such low reheating temperature, one gets B 0 10 −23 G on the megaparsec scale. Estimate (7.1) is then valid for comoving spatial scales larger than the Hubble radius at this temperature, i.e., for λ 100 pc.
In our treatment, we used the simple expression (4.4) for the electric conductivity induced by the Schwinger effect at the post-inflationary stage. Hoping that it gives correct estimates by order of magnitude, we should point out that recent elaborate calculations in the kinetic approach reveal an oscillatory and non-Markovian character of the electric current and field after inflation, failing to satisfy the simple Ohm's law and decaying slower than in the case of naïve application of (4.4) [25] . This may call for revisions of our estimates in more refined treatments of the Schwinger effect.
If the Schwinger effect for some reason is suppressed in the early universe (e.g., because the masses of charged particles are sufficiently enlarged by some non-trivial mechanism), then only back-reaction is important, and our estimate for the final magnetic field becomes [see (5.17 This would allow one to obtain B 0 ∼ 10 15 G on the megaparsec scale by choosing T r ∼ 10 2 GeV. In some specific scenarios, generation of magnetic fields of this order of magnitude requires even lower reheating temperatures, of the order of GeV [35, 59] . We did not take into account the contribution of electromagnetic field to the primordial power spectrum of energy-density fluctuations, but the corresponding constraints on the magnetic field [50] appear to be much weaker than those obtained in this paper.
Finally, we note that primordial helical hypermagnetic fields may also be responsible for generating baryon asymmetry of the universe [51] [52] [53] [54] [55] [56] [57] . This imposes a typical constraint [55, 57] B 0 10 −21 Mpc λ 1/2 G (7.3)
on the admissible values of B 0 on the spatial scale λ for the fields of maximal helicity that existed prior to the electroweak transition. This constraint is weaker than our upper bound (7.1) for not very small spatial scales.
